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Dense bottom currents in the ocean can result from cold water over�owing sills. They are often mod-
elled as a single moving layer of heavy �uid on the bottom, underlying a layer of light �uid at rest. Derive
the appropriate shallow water equations for this model, assuming the density to be ρ1 in the dense layer
and ρ0 in the upper layer, where ρ0 < ρ1. Show that as ρ0/ρ1 → 0 the usual one-layer shallow water
equations are obtained.

Exercise 2 : Consider a 3D incompressible and inviscid �uid �ow in a rotating system that can be
described by the one-layer shallow water equations. The bottom topography is variable. Show that the
vertical velocity within the layer is given by

w =
z − ηb

h

Dh

Dt
+
Dηb

Dt
, (eq. 2)

where w is the vertical velocity, ηb the height of the bottom topography relative to a reference level and
h the thickness of the �uid layer. Interpret this result, showing that it gives sensible answers at the top
and the bottom of the �uid layer
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Exercise 3 :
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A vortex �ow is described by the expression

u = Uφ(r)eφ, (eq. 3-1)

where u is the velocity vector in cylindrical coordinates, and

Uφ(r) =
{
Ar , r < r0

0 , r > r0
(eq. 3-2)

Here A > 0 gives a cyclone and A < 0 an anticyclone. Determine the corresponding h(r) from the shallow
water equations. Also determine the maximum �ow for a low-pressure vortex and a high-pressure vortex.
Assumptions: steady state, f = const and h = H = const outside the vortex.

Exercise 4 : In an adiabatic shallow water �uid in a rotating reference frame the conservation law
for potential vorticity is

D

Dt

(
ζ + f

η − ηb

)
= 0, (eq. 4)

where η is the height of the free surface and ηb is the height of the bottom topography, both relative to
the same reference level.
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a) A cylindrical column of air at 30◦ latitude with radius 100 km expands horizontally to twice its
original radius. If the air is initially at rest, what is the mean tangential velocity at the perimeter after
the expansion?
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b) An air column at 60◦ N with zero relative vorticity (ζ = 0) stretches from the surface to the
tropopause, which we assume is a rigid lid, at 10 km. The air column moves zonally onto a plateau that
is 2.5 km high. What is its relative vorticity? Suppose it moves southwards to 30◦ N. What is its relative
vorticity? Assumption: the density is constant.

Exercise 5 :
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A shallow layer of warm water with density ρ1 lies on top of deep cold water with density ρ2. The
shallow layer exists only in x > 0, and the interface outcrops in x = 0. Its potential vorticity is uniform in
x > 0, and its thickness is H as x → ∞. Assume that (ρ2 − ρ1)ρ1 � 1 and that f is constant. Calculate
the thickness h(x) of the shallow layer, and the velocity v(x) along the front. Also calculate the mass
�ux in the frontal jet. The �ow is stationary.

Exercise 6 : A shallow layer of �uid is bounded by vertical walls at x = 0 and x = L. The bot-
tom is �at and the layer thickness is h0 at x = 0 and hL at x = L. Calculate the northward mass
transport between the walls. Suppose that we would like to apply this result in order to calculate the
mass transport across an ocean basin. What are the main reasons why this may give an incorrect result?
Hint : assume the steady state and u = v(x)ŷ

Exercise 7 : Consider an ocean basin with coast at x = 0 and y = ±B/2, i.e. water in x > 0 and
−B/2 < y < B/2 (cf. Fig. hereafter). There is a layer of warm water on top of a much thicker layer of
cold water, and the baroclinic Rossby radius is small compared to the basin, Ld � A and Ld � B. At
t = 0 the warm layer is thicker in 0 < x < A than in x > A. We model the �ow by the linearized reduced
gravity shallow water equations on an f-plane, and thus set η = 1 in 0 < x < A and η = 0 in x > 0 at
t = 0.
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a) Describe qualitatively the asymptotic geostrophically balanced state at t =∞.
b) Describe qualitatively the evolution toward the asymptotic state. What waves are involved?

Exercise 8 : Explain qualitatively why Kelvin waves propagate with the coast on the right-hand side
in the Northern Hemisphere. Hint : The dynamics in the direction along the coast are similar to a non-
rotating gravity wave. Therefore start by �nding the phase relation between u and η in a gravity wave.

Exercise 9 : Derive the dispersion relation for Rossby waves when there is a uniform background
�ow U0x. Start from the quasigeostrophic vorticity equation. Examine in particular how background
�ow a�ects long and short waves.

Exercise 10 : Derive the quasigeostrophic vorticity equation for a case with topography ηb(x, y). Start
from the conservation law for potential vorticity, assume that ηb/H ∼ Ro, and use the β-plane approxi-
mation.

Exercise 11 : Consider a quasigeostrophic �ow over a localized mountain. The horizontal length scale
is much smaller than the Rossby radius, so that we can assume a rigid lid. The quasigeostrophic vorticity
equation is then

(
∂

∂t
+ u · ∇)(∇2ψ + βy + b) = 0, (eq. 11-1)

where u = z×∇ψ, and the topography is described by

b(x, y) =
f0
H
ηb(x, y) (eq. 11-2)

Suppose that the uniform background �ow far from the the mountain is u∞ = U0x. Derive a linear
equation for ψ in the steady case that must be satis�ed on all open streamlines extending to in�nity.
What kind of solutions does this equation have if U0 is positive and negative, respectively?

Exercise 12 : The quasigeostrophic two-layer equations are

∂q1
∂t

+ J(ψ1, q1) = 0, (eq. 12-1)

∂q2
∂t

+ J(ψ2, q2) = 0, (eq. 12-2)

where, using the rigid-lid approximation, the potential vorticity is given by

q1 = βy +∇2ψ1 +
f2
0

g′H1
(ψ2 − ψ1) (eq. 12-3)

q2 = βy +∇2ψ2 +
f2
0

g′H2
(ψ1 − ψ2) (eq. 12-4)

Derive the dispersion relation for the linear waves from these equations. How do you think the result

4



would change if the rigid-lid approximation were not made? And what is the expression obtained for the
baroclinic Rossby radius? Compare this with the expression that would be obtained from the one-layer
reduced gravity model.

Exercise 13 : Consider a �ow governed by the quasigeostrophic vorticity equation:

∂

∂t
(∇2ψ − ψ

L2
d

) + J(ψ,∇2ψ) + β
∂ψ

∂x
= 0 (eq. 15-1)

Suppose that there is a localized perturbation on an in�nite plane (a vortex for example). We may de�ne
the "center of mass" (x̄,ȳ) of the perturbation by

x̄ =
∫
xψdS∫
ψdS

(eq. 15-2)

ȳ =
∫
yψdS∫
ψdS

(eq. 15-3)

Show that:
dx̄

dt
= −βL2

d (eq. 15-4)

dȳ

dt
= 0 (eq. 15-5)

Exercise 14 : The equatorial Rossby radius is de�ned by Le =
√
c/2β, where c =

√
gH. Show that the

magnitude of Le (except the factor 1/
√

2) can be obtained by adapting the usual Rossby radius Ld to
the equatorial β-plane.

Exercise 15 : The linear equation for Poincaré waves is

∂2η

∂t2
+ f2η − c2∇2η = 0 (eq. 18-1)

where c2 = gH. Assume that f(y) varies as on the equatorial β-plane and derive an ordinary di�erential
equation that describes equatorially trapped Poincaré waves. Solve this equation using suitable boundary
conditions, and determine the turning point yt for mode n.

Hint : the equation
d2Φ
dy2

+ (a− b2y2)Φ = 0 (eq. 18-2)

has the solutions
Φ(y) = Hn(

√
by)e−by2/2 for

a

b
= 2n+ 1, n = 0, 1, ...... (eq. 18-3)

Exercise 16 : The dispersion relation for equatorial Rossby waves is

ω =
−βk

k2 + (2n+ 1)β
c

, n = 0, 1, 2, ..... (eq. 21)

Determine the maximum westward phase velocity for each mode number n, and compare with the velocity
of equatorial Kelvin waves. Also determine the maximum frequency and compare with the typical value
of the inertial frequency f in the region within an equatorial Rossby radius from equator.

Exercise 17 : Derive the energy conservation for the linearized shallow water equations,

∂u

∂t
+ fz× u = −g∇η (eq. 8-1)

∂η

∂t
+H∇ · u = 0 (eq. 8-2)

where f and H are constant. Also derive the ratio between the kinetic energy density and the potential
energy density in Poincaré waves. Consider particularly the limits k2 + l2 � L−2

d and k2 + l2 � L−2
d .
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Exercise 18 : The shallow water equations with a �at bottom, wind stress and bottom friction are

∂u

∂t
+ u · ∇u + fz× u = −g∇h− ru + τ (eq. 5-1)

∂h

∂t
+∇ · (uh) = 0 (eq. 5-2)

where r is a friction coe�cient and τ the wind stress. Derive expression for the energy �ux and for the
evolution of the total energy from (5-1) and (5-2)

Exercise 19 : Formulate a two-layer shallow water model with a rigid lid and �at bottom. Show
energy conservation for this model. Hint : Introduce the surface pressure ps(x, y, t), since the lid takes
up a pressure.

Exercice 20 : A stationary shallow water �ow satis�es

u · ∇u + fz× u = −g∇η (eq. 7-1)

∇ · (uh) = 0 (eq. 7-2)

h = η − ηb

Because of (7-2), the mass �ux uh can be expressed in terms of a stream function ψ. Express the rela-
tive vorticity with the help of ψ. Because of the potential vorticity conservation, the potential vorticity
q is constant along stream lines. Show that the quantity B = u2/2+gη is also constant along stream lines.

Exercise 21 : Rossby waves are excited by time-dependent perturbations around x = y = 0. As-
sume that the �ow is described by the linearized quasigeostrophic vorticity equation:

∂

∂t
(∇2ψ − ψ

L2
d

) + β
∂ψ

∂x
= 0, (eq. 17)

a) Do you expect the waves to appear to the east of the source, to the west of the source, or both?
b) Explain how the energy carried away by the waves can be calculated.

Exercise 22 : A �ow is governed by the barotropic vorticity equation:

∂

∂t
∇2ψ + J(ψ,∇2ψ) + β

∂ψ

∂x
= 0 (eq. 19-1)

A westward jet is centered at the latitude 60◦ corresponding to y = 0, and has the form

U = −U0e
−y2/a2

(eq. 19-2)

where a = 500 km

a) At what value of U0 does the jet become unstable ? Where does the instability �rst occur ?
b) Suppose that the jet is eastward instead of westward, but with the same form. Does it become unstable
at a larger or smaller value of U0 than the westward jet ? Does it occur at the same latitude?

Exercise 23 : A barotropic �ow is governed by the equation

Dq

Dt
= 0 (eq. 20-1)

where u = z×∇ψ and q = ∇2ψ + b. Here b = f0ηb

H and the topography ηb has the form of a zonal ridge

ηb = Ae−y2/a2
, A > 0 (eq. 20-2)

The background �ow is a linear shear �ow:

U0 = −Sy (eq. 20-3)

Do you expect this �ow to be unstable for S > 0 and for S < 0?
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